The image below shows the contours of the expected square loss:
n
R(®) = 1" (Aug(@?) - @ — )2
i=1

The dashed lines show the contours of p(w) = ||w||1; that is, all points along the same dashed line
have the same 1-norm.
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Which of the points labeled could possibly be the minimizer of the unregularized risk, R(w)?

Since we are asking for the minimizer of unregularized risk, we can ignore the contours of p(ﬂ'))
which are the dashed lines. If we look at just the contours of the risk (the solid lines), we can see the
lowest point would be at @) as risk is a convex function and can be geometrically interpreted as a
bowl.



The image below shows the contours of the expected square loss:
n
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The dashed lines show the contours of p(w) = ||w||1; that is, all points along the same dashed line
have the same 1-norm.
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Suppose that when the LASSO is performed with regularization parameter A1, the optimal choice of

parameter vector is found to be oW,

Suppose the LASSO is repeated, this time with the regularization parameter Ay > \;. Assuming that
one of the labeled points is the optimal choice of parameter vector with this new regularization
parameter, which point could it be?

You may assume that A\; > 0.
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Now we repeat LASSO but with a stronger emphasis on regularization: Ay > A1. This means that in
comparison with LASSO with A1, we want to have a smaller 1-norm for our weight vector w when

doing LASSO with \s. Since @W is the optimal choice for LASSO with A1, we can see that the only

other choice of w with a smaller 1-norm (the contours corresponding to the dashed lines) is 0@,

Recall that the ridge regression objective function is

5 n

R(@) = L (Aug(@?) - @ — ;) + || w||*.
i=1

True or False: R(w) is convex as a function of 0.

(X) True
() False

We have learned a few different ways to prove the convexity of a function. One of these is to use
properties of convex functions (as done in Homework 03 Problem 2). We know that squared loss is
convex as proven in Lecture 05, and since the sum of convex functions is convex, Zi:1(yi —w -
Aug(a‘:’(i)))2 is convex. Finally, multiplying by a positive scalar, 717 does not change its convexity.

From Homework 03 Problem 2, we also know that the squared L-2 norm is convex. One way to show
this is by showing that its Hessian is PSD (or all eigenvalues of the Hessian are non-negative). Since
A > 0, multiplying ||'LT)H2 by a positive constant does not change its convexity (the Hessian is now
2MI > 0 which is a diagonal matrix with positive diagonal entries, namely 2\.)

Therefore, R(ﬂ’)) which is the sum of two convex functions is convex.

Recall that in ridge regression, we solve the following optimization problem:
argmin_ > " (y; — @ - Aug(2®¥))? + X2
gming >, (y; — @ - Aug(Z"))* + Al

where A > 0 is a hyperparameter controlling the strength of regularization.



Suppose you solve the ridge regression problem with A = 2, and the resulting solution has a mean
squared error of 10.

Now suppose you increase the regularization strength to A = 4 and solve the ridge regression

problem again. True or False: it is possible that the mean squared error of the new solution is less
than 10.

By "mean squared error," we mean % Z?:l(yi — W - Aug(;i(i))2 for the training data.
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() True
(X) False

Recall from Lecture 09 that the main idea behind regularization is that it “trades an increase in risk for
a decrease in complexity.” In comparison to the ridge regression model fitted with A = 2, when we fit
a ridge regression model with a regularization parameter of A = 4, we are essentially trading an
increase in risk (i.e. a higher MSE) for a less complex model (i.e. a higher \).

Recall that in ridge regression, we solve the following optimization problem:



argming > ¢ (y; — w - Aug(z2®¥))? + \||w|?.
where A > 0 is a hyperparameter controlling the strength of regularization.

Suppose you solve the ridge regression problem with A = 2, and the resulting solution is the weight
vector W,)q. You then solve the ridge regression problem with A = 4 and find a weight vector Wy

True or False: each component of the new solution, W,e, Must be less than or equal to the
corresponding component of the old solution, wW,4.

() True
(X) False

, this does not imply that each component of Wy is less than

While it is true that || Wpew|| < ||Wola
or equal to the corresponding component of 4.

The picture to have in mind is that of the contour lines of the mean squared error (which are ovals),
along with the circles representing where ||w|| = ¢ for some constant c. The question asked us to
consider going from A = 2 to A = 4, but to gain an intuition we can think of going from no
regularization (A = 0) to some regularization (A > 0); this won't affect the outcome, but will make the
story easier to tell.

Consider the situation shown below:



When we had no regularization, the solution was w,q, as marked. Suppose we add regularization,
and we're told that the regularization is such that when we solve the ridge regression problem, the
norm of Wyey Will be equal to ¢, and that the radius of the circle we've drawn is c. Then the solution
Wpew Will be the point marked, since that is the point on the circle that is on the lowest contour.



Notice that the point Wy is closer to the origin, and it's first component is much smaller than the
first component of W,q. However, the second component of Wy is actually /arger than the second
component of Wyq.



